Abstract. In this paper we introduce a basic representation for the confluent Cherednik algebras
Introduction
In this paper we introduce a faithful representation on the space A of Laurent polynomials for the confluent Cherednik algebras H V , H III , H D7 III and H D8 III defined in [5] as confluences of the Cherednik algebra of typeČ 1 C 1 [2, 7, 6] :
• H V is the algebra generated by T 0 , T 1 , X ±1 with relations:
(T 1 + ab)(T 1 + 1) = 0, (1. • H III is the algebra generated by T 0 , T 1 , X ±1 with relations:
(T 1 + ab)(T 1 + 1) = 0, (1.5) qT 0 X −1 + 1 = XT 0 , (1.8)
• H III D 7 is the algebra generated by T 0 , T 1 , X ±1 with relations: • H III D 8 is the algebra generated by T 0 , T 1 , X ±1 with relations:
T 1 (T 1 + 1) = 0, (1.13) To prove faithfulness of our basic representation (see Theorems 2.2, 3.2 and 4.2 here below) in each case, we select a special basis of polynomials in A on which the operators (or specific combinations of them) act nicely. These bases are obtained by considering the non symmetric versions of the continuous dual q-Hahn, Al Salam-Chihara, continuous big q-Hermite and continuous q-Hermite polynomials respectively.
In [4] Koornwinder introduced the non-symmetric version of the Askey Wilson polynomials [1] , and proved that they form a basis in the space A of Laurent polynomials. It turns out that these non-symmetric Askey Wilson polynomials behave well under the subsequent degeneration limits d → 0, c → 0, b → 0 and finally a → 0. However the proof of faithfulness of our basic representation is not a straightforward limit of Koornwinder's proof, as one would naively expect. This is because the first degeneration limit destroys some of the leading coefficients in the positive powers of z of half the non-symmetric continuous dual q-Hahn polynomials and their degenerations. Moreover, the algebra H III is not infact the limit of H V as c → 0 but the one as c → ∞, which introduces the need of an isomorphism and a few tricks. Last but not least, the H III D 7 and H III D 8 do not admit a presentation a la Lustzing-Demazure, which makes the proof of faithfulness in that case rather involved.
Non symmetric continuous dual q-Hahn polynomials and basic representation of H V
The continuous dual q-Hahn polynomials are the following (we write them here in monic form like in [3] ): p n (z; a, b, c) := (ab, ac; q) n a n 3 φ 2 q −n , az, az 
To prove this theorem we follow the same outline as the proof of Theorem 5.3 in [4] with some important changes as explained in Remark 2.5 here below.
First of all, to prove that the operators defined by (2.21, 2.22) and (2.23) satisfy the relations (1.1,1.2,1.3) and (1.4) is a straightforward computation. To prove faithfulness, we need the following two lemmata: Lemma 2.3. The algebra H V can equivalently be described as the algebra generated by T 1 , X ±1 , Y, Z, satisfying the following relations respectively:
Proof. To prove the equivalence it is enough to observe that by defining Z := (T 0 + 1)T To prove that H V is spanned by elements
, where m ∈ Z, n ∈ N and i = 1, 2, we use the relations (2.24,2.25,2.26,2.27) and (2.28) and the further relations which can be obtained as a consequence of 2.24,2.25,2.26,2.27):
to order any word in the algebra as wanted. 
Proof. By using the definition of the q-hypergeometric series 3 φ 2 it is easy to prove that the terms with the highest powers in z and 1 z in E −n and E n have the following form
Using these relation it is straightforward to prove that the non-symmetric continuous dual q-Hahn polynomials form a basis in A. Now to prove (2.31), we use the fact that the operator Y acts on A as follows
Observe that thanks to the forward shift operator relation (14.3.8) in [3] , one has:
in terms of p n (z; a, b, c), p n (qz; a, b, c) and p n (q −1 z; a, b, c) only, which can be shown to be zero by using the q-difference equation (14.3.7) in [3] . In a similar manner all other relations are proved. Proof of Theorem 2.2. First by using the symmetry properties of the continuous dual q-Hahn polynomials and their properties it is easy to show that
Combining this with (2.31,2.33) and (2.35,2.36), we can prove the following ∀n > 0, ∀m ∈ Z, ∀j > 0:
Now assume by contradiction that a linear combination acts as zero operator in our representation, let us write such linear combination as:
Take the minimum value M of m such that at least one coefficient a m , b m,n , c m,n , d m , e m,n , f m,n is non zero. Acting on E j and collecting the terms with the minimum possible power of z we obtain the equation:
It is easy to prove that for generic values of the parameters a, b, c, this is an infinite set of linearly independent equations, therefore the only possible solution is the trivial one. So we can only have coefficients of type b M,n not zero. Again, acting on E −j , and collecting the terms with the minimum possible power of z we obtain for every j > 0, the equation:
which admit only trivial solutions.
Non symmetric Al-Salam Chihara polynomials and basic representation of H III
The Al-Salam-Chihara polynomials are the following:
Q n (z; a, b) := (ab; q) n a n 3 φ 2 q −n , az, az the non-symmetric Al-Salam-Chihara polynomials are defined as follows: 
To prove that the operators defined by (3.43, 3.43) and (3.45) satisfy the relations (1.5,1.6,1.7) and (1.8) is a straightforward computation. To prove faithfulness, we again need to provide an equivalent representation for the algebra H III . This is where we need to be careful as the relation between the non-symmetric AlSalam-Chihara polynomials and the algebra H III is not as straightforward as before because the algebra H III was obtained as limit of H V as c → ∞ rather than c → 0. However, changing the definition of Z and Y we can still prove the following: Lemma 3.3. The algebra H III can equivalently be described as the algebra generated by T 1 , X ±1 , Y, Z, satisfying the following relations respectively:
The algebra H III is spanned by elements
, where m ∈ Z, n ∈ N and i = 1, 2.
Proof. Define Z and Y in terms of T 0 , T 1 , X ±1 as follows: To prove that H III is spanned by elements
, where m ∈ Z, n ∈ N and i = 1, 2, we use the relations (3.46,3.47,3.48,3.49) and (3.50) and the further equivalent relations
Proof. Consider the following isomorphism:
which maps the algebra H III to the isomorphic algebraH III defined by the generatorsT 0 ,T 1 ,X and relations
Note that the algebraH III is obtained by taking the limit of c → 0 of the algebra H V , so that the proof of this lemma is based on the fact that the action of the new Y and Z defined by (3.51) is obtained by taking the limit of c → 0 of the corresponding action of the old Y and Z defined in Section 2.
Proof of Theorem 3.2.
Similarly to the proof of Lemma 3.4, we can use the isomorphism η to prove this Theorem by taking the limit c → 0 of the proof of Theorem 2.2 -note that this limit none of the coefficients in the relations (2.38) becomes zero, thus making this limit rather straight-froward. The continuous Big q-Hermite polynomials are the following:
and can be obtained from the Al-Salam-Chihara polynomials as limits when b → 0. By taking the limit b → 0 of the non-symmetric continuous dual Al-Salam-Chihara we obtain the following:
the non-symmetric continuous Big q-Hermite polynomials are defined as follows:
Similarly, the non-symmetric continuous q-Hermite polynomials are defined by taking the limit of the non-symmetric continuous Big q-Hermite polynomials as a → 0. To prove that the operators defined by (4.66, 4.66) and (4.68) satisfy the relations (1.9,1.10,1.11) and (1.12) is a straightforward computation. To prove faithfulness, we can't use an equivalent representation a la Lustzig Demazure as there isn't one. We proceed by proving the following two lemmata: 
Proof. We give the proof for the algebra H D7 III only, as the limit a → 0 in this proof is a straightforward substitution of a by 0.
Let us consider all possible words in the algebra H D7 III and order them by using relations (1.11) and (1.12) in such a way that all powers of X are on the left. Thanks to (1.9) and (1.10) the generators T 0 and T 1 may only appear with powers 1 or 0. We then are the following possible words:
as we wanted to prove. 
